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BRAIDED HOPF ALGEBRAS OVER NON ABELIAN FINITE GROUPS 

NICOLAS ANDRUSKIEWITSCH AND MATIAS GRANA 



Abstract. In the last years a new theory of Hopf algebras has begun to be developed: that of 
^ I Hopf algebras in braided categories, or, briefly, braided Hopf algebras. This is a survey of general 

aspects of the theory with emphasis in ^yT), the Yetter-Drinfeld category over H, where H is the 
group algebra of a non abelian finite group F. We discuss a special class of braided graded Hopf 
' algebras from different points of view following Lusztig, Nichols and Schauenburg. We present some 

finite dimensional examples arising in an unpublished work by Milinski and Schneider. 

■ SiNOPSiS. En los liltimos anos comenzo a ser desarroUada una nueva teon'a de algebras de Hopf 



en categorias trenzadas, o brevemente, algebras de Hopf trenzadas. Presentamos aqui aspectos 
generales de la teon'a con entasis en ^yT), la categorfa de Yetter-Drinfeld sobre H, donde H es el 
I algebra de grupo de un grupo finito no abeliano F. Discutimos una clase especial de algebras de Hopf 

■ trenzadas graduadas desde diferentes puntos de vista, siguiendo a Lusztig, Nichols y Schauenburg. 

Presentamos algunos ejemplos de dimension finita que aparecen en un trabajo inedito de Milinski 
y Schneider. 



0. Introduction and notations 



> 

^ . 0.1. Introduction. 

CN i The idea of considering Hopf algebras in braided categories (categories with a tensor product which 
^ is associative and "commutative" ) goes back to Milnor-Moore [MM65] and Mac Lane [ML63] . Hopf 
Q\ • super algebras, or Z/2-graded Hopf algebras, were intensively studied in the work of Kac, Kostant, 
^ I Berezin and others. In this case, the braiding c is symmetric: = id. With the advent of quantum 
groups, it became clear that braided (non symmetric) categories have a role to play in several parts 
of algebra. This point of view was pioneered by Manin [Man88, p. 81], Majid [Maj95] (see also 
[Gur91]) and widely developed since then. One of its main applications is Lusztig's presentation 
of quantized enveloping algebras [Lus93]. 
^ _ Our motivation to study braided Hopf algebras is the so-called bosonization (or biproduct) 
d ■ construction, due to Radford [Rad85] and interpreted in the terms of braided categories by Majid 
[Maj94b]. More precisely, we are interested in a specific type of braided Hopf algebras. To explain 
the reason we recall a general principle from [AS] : 
Let be a Hopf algebra with coradical filtration 

If the coradical Kq is a Hopf subalgebra (this happens for instance if K is pointed, in which case 
H = Kq is a group algebra) then the associated graded space 

grK=^KjK„^, (i^-i = 0) 

n>0 
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has a graded Hopf algebra structure inherited from that of K. Moreover, since the inclusion 
Kq ^ gr K has a retraction gr K ^ Kq of Hopf algebras, the inverse process to the bosonization 
construction makes the algebra of coinvariants R — [gr Ky°^° into a graded Hopf algebra in ^^J^P 
with trivial coradical. Conversely, if i7 is a group algebra, let i? be a graded Hopf algebra in 
^yT^ with trivial coradical (i.e., Rq = kl). Then the bosonization R^^H is a pointed graded Hopf 
algebra with coradical isomorphic to H. It is then reasonable to expect that information one can 
give about graded Hopf algebras in ^yV can be translated to information about pointed Hopf 
algebras. 

We say that a graded Hopf algebra R = ©,>o R(i) in ^y^ is a TOBA if R{0) is the base field 
(and then the coradical is trivial by [Swe69, 11.1.1]), the space of primitive elements is exactly 
i?(l) and this space generates R (as an algebra). It is then proved that i? is a TOBA iff R^H 
is a Hopf algebra of type one, in the sense of Nichols [Nic78] . An important example of TOBA is 
the quantum analog of the enveloping algebra of the nilpotent part of a Borel algebra, see [Lus93], 
[Sch96], [Ros95], [Ros92]. 

The article is organized as follows: 

In section 1 we define and give examples of braided categories, Hopf algebras in braided categories 
and review the bosonization construction. 

In section 2 we give duals and opposite algebras of braided Hopf algebras (a deep treatment of 
the subject can be found in [Maj95]). For finite Hopf algebras we define the space of integrals, and 
prove (following Takeuchi [Tak97]) that it is an invertible object in the category. This allows to 
state "braided" versions of several useful results concerning finite dimensional Hopf algebras (e.g. 
the bijectivity of the antipodc). 

In section 3 we concentrate on braided Hopf algebras in where H = kF, the group algebra 

of a finite group F. We show that a TOBA R is determined, up to isomorphism, by the space of 
primitive elements V{R) = -R(l). Moreover, given a Yetter-Drinfeld module V, we present three 
different constructions of a TOBA t{V) such that its space of primitive elements is isomorphic to 
V. The first two constructions use quantum shuffles and universal properties, and arc essentially 
contained in [Nic78], [Sch93], [Ros95], [Roz96], [Wor89]. The third construction, by means of a 
bilinear form, seems to be new. It is however inspired by [Lus93], [Sch93], [Ros95], [Mul98]. We 
finally discuss some explicit examples from [MS96] for F a symmetric or a dihedral group. 

We thank H.-J. Schneider for valuable conversations during the preparation of this article. 

0.2. Notations. 

We shall work over a field k. Sometimes we impose some hypothesis to the field, but in most of 
the article it may be any field. Tensor products and Homs arc taken over k when not specified. 
We use the letters H, K for Hopf algebras over k, and the letter R for braided Hopf algebras. 

Given a Hopf algebra H, we use subindices Hq C Hi C . . . to indicate the coradical filtration of 
H (see [Swe69]). In order to avoid confusion with this notation, a graded algebra shall be denoted 
hyH = ®,H{i). 

Given an algebra A, we denote by aM. the category of finite dimensional left 74-modules and by 
JIM the category of all left A-modules; ditto for the categories of right modules M.a and M'a- 

Given a coalgebra C, we denote by ^AA the category of left C-comodulcs. The same for A^*^. 

Given a Hopf algebra H ^ we denote by ^M.^ the category of Hopf bimodules over iJ, by 
the Yetter-Drinfeld category over H (of finite dimensional left YD modules) and by ^3^1^ oo the 
category of all left YD modules. See 1.1.15 for the precise definitions. 
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Given a Hopf algebra H with bijcctivc antipodc, wc denote by the Hopf algebra with opposite 
multiplication, iJ^p the Hopf algebra with opposite comultiplication, and H^°p the Hopf algebra 

op ^ cop 

We use for coalgebras Sweedler notation without summation symbol: A{h) — <S> /i(2), and 
the same for comodules: S{'m) — m(_i) <S) 777.(0) for left comodules and S{'m) — 777(0) <8) 7?7(i) for right 
comodules. 

If M is a k-vector space, m & M and / G M*, we use either f{m), {f,m) or {m, f) to denote 
the evaluation map. 

1. Definitions and examples 

1.1. Braided categories. Abelian braided categories. 

We recall in this section the definitions of monoidal and braided categories. See [JS93] for a 
detailed treatment of the subject. 

Definition 1.1.1. A monoidal category is a category C together with a functor <S> '■ C x C ^ C 
( called tensor product ), an object 1 of C ( called unit ) and natural isomorphisms 

0'U,v,w {U <S> V) <^ W ^ U <^ {V <S> W) (associativity constraint), 
ry V <S> 1 ^ V, Iv 1 <S>V ^ V (unit constraints), 

subject to the following conditions: 

{{U 0V) 0W) X ^ {U ^V) {W X) ^ U ^ {V {W (g) X)) 
^ {{U (^V) (^W) X ^ {U (g {V ®W)) ® X ^ U {{V (gW) (g X) ^ U {V (g {W (g X)), 

id^V0W ^ (V01)0W ^V®(10W) ^V0W. 

We shall assume in what follows that the associativity constraint is the identity morphism. This 
is possible thanks to [ML71] , where the author proves that any monoidal category can be embedded 
in another monoidal category in which this is true. 

Definition 1.1.2. A braided monoidal category (or briefly braided category j is a monoidal cate- 
gory C together with a natural isomorphism 

c = cm,n : M (S) N ^ N (S) M 

( called braiding^ subject to the conditions 

cm,N(S)P = (idiv <S)Cm,p) o {cm,n O idp), (1.1.3) 
cm(x>n,p = {cm,p ® idjv) o (idM ^cn,p)- (1-1-4) 

The category C is called symmetric if — id, i.e., for all M, N in C, cn,mCm,n — idM®Ar- 

There are some identities that can be proved from the axioms (and hence hold in any braided 
category). One of these identities is Zc = r, that is, 

(M 1 ^ 1 M M) = (M ® 1 ^ M). 

Analogously rc = I. 
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Remark 1.1.5. To define when two monoidal (braided) categories are equivalent, it is necessary 
to know what a functor between monoidal (braided) categories is. Let C and C be monoidal 
categories. A functor between them is a pair (F, rj) , where F : C — > C is a functor and 77 is a 
natural isomorphism r^i^oF^^Fo® (that is, r]M,N '■ FM (g) FN F{M ® N)) subject to the 
conditions 

FM ®FN ®FP ^ F{M ®N)®FP 



must commute. 



(1.1.6) 



FM ® F{N ® P) 



F{M ^ N ^ P) 



F{lc) = Ic, 



FM ® 1 ^ FM = FM ® 1 A F(M ® 1 

Observe that when the associativity constraint is not the identity, then (1.1.6) must be suitably 
modified. For braided categories the following diagram must also commute. 

FM®FN FN®FM 



F{M®N) I^^^ F{N(^M). 



Given a braided category C, we shall denote by C the braided category whose objects and 
morphisms are those of C but whose braiding is the inverse of that of C. The axioms (1.1.3) and 
(1.1.4) are automatically verified for this category. 

An important source of examples of braided categories is given by the quasitriangular bialgebras. 
Let H he a bialgcbra. An element TZ E H®H is called a triangular structure for H if it is invertible 
(with respect to the usual product oi H ® H) and verifies 

V/i e H, A°P(/?.) = 7^A(/?.)7^"^ (1.1.7) 

(id®A)(7e) = 7^^^7^^^ (i.i.s) 
(A®id)(7^) = 7^^37^23 (^;Lg) 

In this case, the pair {H,TZ) is called a quasitriangular bialgebra (QT bialgebra). If t{TZ) — TZ"^ 
(r is the usual fiip), then {H,7V) is called triangular. For {H,TZ) a QT bialgebra, the category of 
left (right) iJ-modules (A4^) and the category of finite dimension left (right) i^-modules hM. 
{M-h) are braided, where 

CM,N{jn ®n)= lZ2n ® TZim for left modules, 
cm,n{itT' ^ n) = nTZi (8) m'R-2 for right modules. 

Equation (1.1.7) is equivalent to c being a morphism of if-modules. Equations (1.1.8) and (1.1.9) 
are respectively equivalent to (1.1.3) and (1.1.4) in the case of left modules, and to (1.1.4) and 
(1.1.3) in the case of right modules. These categories are symmetric if {H,7l) is triangular. 
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The notion of QT bialgebra can be dualized to that of co-quasitriangular bialgebras (or briefly 
CQT bialgebras), for which the category of left (right) comodules is braided. Both notions can be 
generalized to quasi-bialgebras, to get QT quasi-bialgebras (CQT quasi-bialgebras) for which the 
categories of left (right) modules (left (right) comodules) are also braided (see [Dri90]). In these 
cases the associativity constraint is no longer the usual associativity for vector spaces, and the 
verification of the axioms becomes more tedious. 

Definition 1.1.10. A monoidal category C is called rigid if every object has a left and right dual 
in it. That is, for every object M of C there exist *M and M* objects of C and natural morphisms 

bTM M M*, 

blM-l^*M0 M, 
dvM : M* (g) M ^ 1, 
dlM ■ M ®*M ^ 1, 

subject to the conditions 

id = M ® *M ® M 1 ® M-^M, 

(1.1.11) 

id = M M ® M* ® M --'^ M ® 1 A M. 

Remark 1.1.12. The conditions on M* and *M determine them up to isomorphism. We shall use in 
what follows the word "rigid" for a category in which the correspondences M M* and M ^ *M 
are given by functors, which is true in the usual cases. 

Definition 1.1.13. It is well known that the symmetric group in n elements S„ (n > 2), can be 
presented by elementary transpositions Ti — {i,i + 1), {1 < i < n) subject to the relations 

TiTj = TjTi ifli-Jl > 1, 

nTjTi = TjTiTj %f\i-j\ = l, 

= 1 Vi. 

If we drop the last set of relations, we get the Artin braid group. To be precise, we define B„, {n > 2) 
to be the group with generators ai, {1 < i < n) subject to the relations 

GiGj = GjGi if \i - j\ > 1, 
(TiUjUi = crjO-jCrj if \i - j\ = 1. 
This is an infinite group, and there is a projection map from B„ to given by (7j i— > Tj. 

Remark 1.1.14. The group S„ acts naturally on n-fold tensor products in the category of vector 

spaces, or more generally, in the category of representations of a cocommutative Hopf algebra. In 
both cases the category is symmetric. When this does not happen, the group S„ has to be replaced 
by B„, as we now explain. Let C be a braided category and M an object of C. Then B„ acts on 
M (g) • • • (g) M via 

^ V ' 

n times 

(jj 1-^ id (g) ■ ■ • (g) id (8)c g) id (g) ■ ■ ■ (g) id . 

V ✓ \ ✓ 
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This useful observation allows to translate several statements into drawings, and in fact many 
authors do use drawings to prove certain equalities. The axioms above can be viewed as rules to 
pass from one configuration to another. 

Our main example of braided (rigid) category is the Yetter-Drinfeld category over a Hopf algebra: 

Definition 1.1.15. Let H be a Hopf algebra over k with bijective antipode. We shall denote by 
ffyV the category of finite left Ycttcr-Drinfeld modules over H. That is, M is an object in jjyD 
if M is a left H-module, a left H-comodule, has finite dimension over k and 

(/im)(_i) ® {hm){Q) — /i(i)m(_i)<S/i(3) ® /i(2)?7i(o), \/h & H, m e M. 

ffyD is a monoidal category with the usual tensor product over k, where 1 = k and associativity 
and unit constraints are the usual ones for vector spaces and where, for M, N £ Hy^> M ^ N has 
the diagonal module and comodule structures given by 

h{m ®n) = h(i)m ® h(^2)'n, (m (g) n)(^i) (g) (m (g) n)(o) = m(_i)n(_i) g) m(o) g) n(o). 

It is also a braided category, where the braiding is given by 

c — cm,n : M ® N ^ N ® c{m ®n)— m(_i)n (g) m(o) . 

It is immediate to see that c is an isomorphism, with inverse 

{cN,My^ = {c~'^)m,n m®n^ n(o) (g 5"-^(n(_i))m. 

As with any braided category, we shall denote by the same category as but with the 

inverse braiding. ^yT> is a Yetter-Drinfeld category (see 2.2.1). We prove rigidity of these cat- 
egories in 2.1.1. We denote by ^yD^o the category of all (non necessarily finite dimensional) 
Yetter-Drinfeld modules over H . This is a braided category (with the braiding given by the same 
formula as in ^yT)) but it is not rigid. 

If M is an object in ffyD, we shall denote by the object of ^yV with the same underlying 
vector space but with the structure given by 

h ^ m — S'^{h)m, Sqm{'>tt) — «5"'^m(_i) (g m(o). 

Theorem 1.1.16 (Majid). Let H be a finite dimensional Hopf algebra. Let ^{H) ~ H t><\ H*°p 
be the Drinfeld double of H , defined by T>{H) — H ® H* as a coalgebra, with multiplication and 
antipode given by (we denote here fg — m{f (g g) in H* rather than in H*°'^) 

(ht^f)(h't^f) = (/(i),/i;i))(/(3),5/i;3))(/i/i;2) ^/7{2)), 

Sv(H)(ht^f) = (l^<S-V)('5/l^£) = (5/1(2) ^5-V(2))(/(l),»5/l(i))(/(3),/l(3))- 

We observe that H and if*°p are Hopf subalgebras ofT>{H). We have that T>{H) is a QT Hopf 
algebra, and the category v{h}M. of finite dimensional left T>{H) -modules is equivalent, as braided 
category, to ^yT)- 

Proof. See [Mon93]. □ 

There is another category which appears naturally in the framework of Hopf algebras which 
is equivalent to ^yi) and ti{h)M., namely ^Ai^. This is the category whose objects are H- 
bimodules and iJ-bicomodules, such that the structure morphisms H ® M M and M ®H M 
are bicomodule morphisms, taking in Mg)if and H®M the codiagonal structure (equivalently, the 
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structure morphisms M ^ M ®H and M ^ H ®M arc bimodulc morphisms taking m. M^H and 
H®M the diagonal structure). We take in this category tensor products over H (alternatively, we 
can take the monoidal structure given by cotensor products over H). This category has a braiding, 
namely 

CM,N{m (8) n) = m(_2)?T'(o)«5(n(i))«S(m(_i)) ® m(o)n(2). 
The following result was independently found by Schauenburg and the first author. 

Proposition 1.1.17. The category ^A^^ is equivalent as braided category to ^yT>. (Alternatively, 
the category with the monoidal structure given by cotensor products is also equivalent). 

Proof. (Sketch, see [Sch93, Satz 1.3.5], [Sch94] or [AD95, Appendix] for the details). Let M be in 
ffAdff. By [Swe69, Th. 4.1.1], M ~ V®H as a right module and right comodule, where V = M''° ^ 
and the right module and comodule structures oiV ® H are those of H. Let us identify V with 
V ®1. We take the structure of V in by 

h ^ V = h(i)vSh(2), 5{v) = Si{v) {5i : M H ® M is the structure morphism). 
Conversely, if is a Yetter-Drinfeld module over then V ® H is &xi object in h-^h via 
h{v ®g)^ ^v® h(2)g, 5{v ®g)^ ^(-i)fl'(i) ® (t^(o) ® 9{2)), 
and H acts and coacts on the right only over H. □ 

1.2. Hopf algebras in braided categories (braided Hopf algebras). 

Monoidal categories are the natural context to define algebras and coalgebras. If C is a monoidal 
category, we define an algebra in C to be a pair (A, m), where A is an object oiC, m : A® A ^ A 
is a morphism in C and there exists a morphism u :! ^ A such that 

m o (m (8) id) — mo (id ®m) : A® A® A ^ A, 
mo {u®\d) ol'^ — — mo (id ®u) o r^^ : A ^ A. 

We define dually a coalgebra in C to be a pair (C, A), where C is an object of C, A : C ^ C (8) C 
is a morphism in C and there exists a morphism e : C ^ 1 such that 

( A id) o A = (id A) oA:C^C(8)C(8)C, 
o (£ (8) id) o A = id = rc o (id (8s) o A : C ^ C. 

In turn, braided categories are the natural context to define bialgebras and Hopf algebras. 

Definition 1.2.1. Let C he a braided category. A bialgebra in C is a triple {R,m,A), where R is 
an object in C and there exist morphisms u : 1 ^ R and e : R ^ 1 in such a way that {R, u, m) is 
an algebra in C, {R, e, A) is a coalgebra in C, e is an algebra morphism, and the usual compatibility 
between m and A is replaced by 

Am = (m (g) m) o (id^j ®cb,,r ® id^) o (A (g) A). 

// moreover there exists a morphism S : R ^ R which is the inverse of the identity in the monoid 
Homc(-R, -R) with the convolution product, then we say that R is a Hopf algebra in C and call S 
the antipode of R. We recall that this last definition can be stated in other words as 

m(S id) A ^ue^ m(id 05) A : R ^ R. 
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As in the classical case, the compatibility between the algebra and coalgebra structure can be 
alternatively stated saying that m is a morphism of coalgebras, or that A is a morphism of algebras, 
with the only difference that Ris considered as an algebra with the product 

friRf^B. ={mR (g) mR) o (id/j ®cr^r O id^) 

or as a coalgebra with the coproduct 

Ar0r =(idi? ®cr^r ® xAr) o (Ai? (g) Ar). 

As in the classical case, the antipode of a braided Hopf algebra twists multiplications and co- 
multiplications. One should be careful to distinguish between c and c~^. The precise equalities are 
the following ones. 

Lemma 1.2.2. Let R he a Hopf algebra in a braided category. Let us denote m — tur, A = /S.r, 
c = cr^r. Then 

Srtti = m{SR ® Sr)c, ASr = c{Sr (g) Sr)A. 
If S is invertible with respect to composition, then 

Proof. Since m is a coalgebra morphism and »S is the inverse of the identity in the monoid 
Home (_R,i?), we have that Sm is the inverse of m in the monoid Homc(i? g) R,R). We have 
moreover that 

m * {m{S (g) S)c) — m{m (g {m{S (g 5)c))(id(gc (g id)(A (g A) 

= m{m (gm)(id(gid (g5 ® S) {id® cr^ri^r){ A (g A) 

= m(id (gm) (id (gm (g id) (id (g id (g>S (g S) (id (g A id) (id (gc) (A (g id) 

— m{m® id) (id ®S ® id) (A (g ue) 

= ue®ue^ ur^rEr^r. 

whence the first equality. 

The second equality in the first line follows dualizing the equality just proved. The second line 
follows immediately from the first using the naturality of c. □ 



Remark 1.2.3. Let us suppose that there exists a forgetful functor U : C ^ C into some monoidal 
category C in such a way that if U (/) is an isomorphism then / is an isomorphism. Let if be a 
bialgebra in C UH is then an algebra and a coalgebra in C (in general it is not a bialgebra). If 
there exists an antipode for UH in C (i.e., if the identity morphism has an inverse in the monoid 
}iomc'{UH, UH)) then there exists an antipode for H in C, namely, Sc is the morphism such that 
U{Sc) = iSc, which exists by our hypothesis on U, as we now prove. Consider the morphism in C 
given by F : H®H ^ H<®H, F = (id(gm)(A(gid). U{F) e Endc'{UH <®UH) is an isomorphism 
in C, whose inverse is (id (gm)(id (giSc (g id)(A (g id). Let T e Endc{H (g H) be the inverse of F. 
The antipode is then given by the composition 

Sc^l^H ^H®1^H®H ^H®H ^1®H ^H^ . 

In the usual cases, C is the category of k-vector spaces. The hypothesis is verified for instance 
when C = ^yT) for H a Hopf algebra with bijective antipode, or C = h-M for H a QT bialgebra. 
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Let us recall the definition of for M G stated after the definition 1.1.15. It is immediate 

to see with the previous remark (or by direct computation) that if i? is a Hopf algebra in ^yD 
then is also a Hopf algebra. 

1.3. Bosonization. 

Let now if be a fixed Hopf algebra over k with bijective antipode. There is a one-to-one 
correspondence between Hopf algebras in and Hopf algebras A with morphisms of Hopf 

algebras 

i. 

V 

such that pi — idij. This correspondence was found by Radford in [Rad85] and explained in these 
terms by Majid in [Maj94b]. We give the details here: 

Let A^H be as above. Let R = A''°" = LKerp ^ {a e A \ (id(8)p)A(a) = a (g) 1}. It is 

p 

immediate that this is a subalgebra of A, with the same unit. The counit of R is the restriction of 
that of A. We define the comultiphcation, the antipode, the action and the coaction by 

Aij(r) = r(i)(t5i/(pr(2))) r(3), 
SR{r) = (ip(r(i)))5A(r(2)), 
r ^ /i(i)r<S/i(2), 
5(r) = (p<g)id)A(r). 

It is straightforward to see that these morphisms make R into a Hopf algebra in ^yV. 

Conversely, if i? is a Hopf algebra in ^yV, let A = Rjj^H be the semidirect product algebra 
build from the action of if on i?, and let 

^A{rW = (r(i)#r(2)(_i)/i(i)) ® (r(2)(o)#/i(2)), 
t{h) = l#/i, p(r#/i) = e{r)h, 

5A(r#l) = .(5(r(_i)))(5^(r(o))#l) = (5(r(_i)) - 5fi(r(o))#5(r(_2))). 

These morphisms make RH^H into a Hopf algebra, and the constructions are mutually inverse. 
Majid calls i?#if the "bosonization" of R. 

1.4. Examples of braided Hopf algebras. 

1.4.0. Let ii = k. The Yetter-Drinfeld category over H reduces in this case to the category of 
vector spaces over k (with trivial actions and coactions), and the braiding is just the usual fiip 
X ® y ^ y ® X. A Hopf algebra in this category is just a (classic) Hopf algebra over k. 

1.4.1. Let be a natural number, ^ a primitive A^-root of unity in k and A = T^,jv the Taft 
algebra of order A^^ over k, which is generated as a k vector space by the elements {g^x^o<i,j<N-i, 
with relations — 1, = 0, and xg — ^gx. The comultiphcation is given by Ag — g <S> g, 
and Ax — g <S> x + x <S> i- The antipode is given by Sg — g~^, and Sx — —g~^x. The counit, by 

eg = 1, ex = 0. 

Let H be the group algebra of the cyclic group of A^ elements. We shall denote also hj g & 
generator of this group. There is a morphism of Hopf algebras 

TT : A ^ ii, T^ig'x^) = g%fl- 
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This morphism has a section, namely 

f.H^A, i{g') = g\ 

One sees that R = A""^ is isomorphic as an algebra to k[x]/(x''^). It has comultiplication Arx = 
X (E) 1 + 1 ^ X, counit = 0, and antipode S^^x = —x. The action and coaction of H over R 

are given hy g ^ x = gxg~^ = ^~^x, and 5{x) = g ® x. 

1.4.2. Let H be as before the group algebra of a cyclic group of order N with generator g. 
Let A = h{^,m) = k<y,x,g> / ~ be the book algebra considered in [AS98]. It is the Hopf 
algebra with generators {x,y,g} and relations 

X =y =0, g =1, ,gx = ^xg, gy = i yg, xy = yx 

and with comultiplication, antipode and counit given by 

A{x) ^x0g + l0x, A(y) =y® l + c/"*®y, A{g)^g0g, 

S{x)^-xg-\ S{y)^-g-^y, S{g) ^ g-\ e{x)^e{y)^0, e{g) ^ 1. 

One can take here either H — T^_jv = k<x,g'> / or H — II <g >. In the first case, p{y) — 
0, p{x) = X, p{g) = g, and 

In the second case, let x = xg~^, and p{y) = p{x) = 0, p{g) = g. Then 

k<x, y > 



LKer(p) 



{x^,y^,xy - ^"'yx)' 



1.4.3. The preceding examples are particular cases of a wider class of braided Hopf algebras, 
which we now define. Suppose F is an abelian group. Let gi, ■ ■ ■ , G F and Xi, . . . , Xn : F — > 
characters. Suppose that for i j we have Xi{9j)Xj{9i) = 1- Let Ni be the order of Xi{.9i)-i 
%3 — Xj{9i)- Let R be the algebra generated by elements xi, . . . , x„ with relations 

= Vi, 
Xi'Xj (j,i jXjXi if i ^ j. 

Thus the set of monomials {x[^ ■ ■ -x^, < < N^} is clearly a basis for R. We define the action 
and coaction of H by 

g ^ {x\^ •••<")= Xii9Y' ■ ■■Xni9Y"x[^ 
5{x'^ . . . <") = gl' ...g'^- 0x1' ... xl\ 

and the comultiplication, counit and antipode by 

A{xi) = 1 (g) + (8) 1, 
exi — 0, 
Sxi = —Xi- 

Then i? is a braided Hopf algebra over kF. Following Manin, these Hopf algebras are called quantum 
linear spaces. Several classification results were obtained in [AS] from the study of these braided 
Hopf algebras, including the classification of pointed Hopf algebras of order p^, p an odd prime. 
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1.4.4. Let be a complex finite dimensional simple Lie algebra, b a Borel subalgebra, A the 
Cartan matrix of q. The Lusztig's algebras f and 'f constructed from A are braided Hopf algebras 
in ^yD, where H is the group algebra of a free abelian group. See example 3.2.22, or [Sch96], 
[Lus93] for the details. The bosonization of f is the quantized enveloping algebra Uq(b) of b. Since 
Drinfeld showed how to obtain the quantized enveloping algebra Uq(g) of g from Uq(b) via the 
double construction, we see that quantum groups can be derived in a conceptual way from the 
setting of braided Hopf algebras. 

2. Duals and opposite algebras. Integrals 
2.1. First results about duals. 

Proposition 2.1.1. Let H be a Hopf algebra over k with bijective antipode. Then 
braided rigid category. 

Proof. We have seen that ^iyi^ is braided. We shall prove now rigidity. Let M be an object of 
^J^I>. Let {a^}aeA be a basis of M as a k-vector space, and {"mjaeA its dual basis. We shall 
omit the summation symbol in any formula with the occurrence of the element '}2aeA ® "'t^- 
We take *M and M* to be the dual of M as k-vector spaces, with the following structure: 

{h-f){m)^f{S{h)m), 

/(-I) ® /(o) = 5~^(am(_i)) (8) f{am{Q)Ym\ 

and 

{h-f){m)^f{S-\h)m), I 
/(-I) ® /(o) = 5(am(_i)) ® /(«m(o))"mJ 
The morphisms 6r, bl, dr, dl are the canonical morphisms 



for M\ 



for *M. 



br^f.k^M^M* 1 O "m, 

6Z = t : k ^ *M (g) M 1 "m (g) „m, 

dr = ev : M* (g) M k f®m^f{m), 

dl^ ev : M <^*M m<S>f^f{m), 

which are morphisms in ^^yP with respect to the above defined structures. It is immediate that 
these morphisms satisfy equations (1.1.11). □ 



Let C be any braided rigid category. We recall that this means (for us) that there exist functors 
M I— s> M* and M i-^ *M. These functors are inverse to each other via canonical isomorphisms 
since *(M*) ~ (*M)* ~ M. Indeed, it is clear that (M, brM ■ 1 ^ M ^ M*, dvM : M* ® M ^ 1) 
satisfies the axioms of left dual for M*, and (M, Um ■ ^ *M ® M, dlM ■ M ®*M ^ 1) satisfies 
the axioms of right dual for *M. Moreover, the functors M i— > M* and M i— > *M are naturally 
isomorphic, as can be seen considering 

*M M®M*®*M M®*M®M* M* . 
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Thus, M** ~ *(M*) ~ M ~ (*M)* ~ **M via natural isomorphisms. In the category ^yV these 
morphisms are given by 

M^M**, m I— > (S(m(_i))m(o), 

M^**M, m 1-^ <S"^(m(_i))m(o). 

The rather strange asymmetry between both morphisms comes from the fact that we use in 
the first one and c in the second one. 

Definition 2.1.2. Let C be any rigid category, and M,N be objects ofC. Let F : M ^ N be a 

morphism in C. We define the transposes of F as 

F* ^ N* ^ N* ®1 ^ N* ® M ® M* il®:^ N* ® N ® M* ^ 1 ® M* ^ M\ 

Remark 2.1.3. Most of the rigid categories we consider are subcategories of the category of k- 
vector spaces, and the duals are preserved by the forgetful functor (the maps 6r, hi, d,r, dl are also 
preserved). When this happens, the maps F* and *F coincide (via the forgetful functor) with the 
usual transpose map of F. We observe that this means that for F : M ^ N a. morphism in ^y^^ 
the transpose as k-vector spaces F* : N* ^ M* is a morphism in ^y^- 

Lemma 2.1.4. Let C be any rigid category, and let M,N EC. There exist natural isomorphisms 

0^^^ : M*®iV* ^ {N(E)My, 
*(j)M,N : *M^*N ^\N^M). 

Proof. To prove that M* (g) A^* ~ (iV (g) M)* it would be sufficient to prove that M* (g) N* satisfy 
(1.1.11) for certain morphisms br, bl, dr and dl, but in order to prove naturality it is necessary to 
give the explicit definition of (p* and 

0* = M* ® N* ''^^''^^'"^^^) (M* ® N*) ® (AT ® M) ® (iV ® M)* ^ 

M* ® {N* (g)N)0M*^{N® M)* ^'J^'^'-iv^'d^id M*(g)M(g){N0 M)* ^^^^ {N ® M)*. 

Analogously for *4>. The proof that *4> and 0* are natural is straightforward but tedious and we 
omit it. □ 

Lemma 2.1.5. Let N, M be objects of C. We have 

^*M,n4^*M,N — 4'*N,M^M*,N*- 

Proof. First, we claim that 

1^{M®N)®{M® Nf {N®M)®{M® N)* 

= 1^ {N ®M)®{N ® M)* {N®M)®{N® M)* 

In fact, tensoring both sides with (M (g A^) on the right and composing with dr^M^N) one gets c, 
whence the claim. 

Second, we claim that 

M*®N*®M®N M*®N*®N®M^M*®M^1 

^M*®N*®M®N A^* (g M* (g M (g AT ^ A^* ® A^ ^ 1. 
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In fact, both sides equal M* N* M N '^-^£11^^^ M* M N* N ^ 1. Thus, 

(f)*N,MCM*,N* 

^M*®N* ^^^1^ N* ®M* ^ N* ®M* ®{M ®N)® (M ® Nf (M ® N)* 

^M*®N* ^M*®N*®{M®N)®{M® N)* 

N*0M*®{M®N)®{M® N)* (M (g) A^)* 

= M* ® A^* ^ M* AT* (M ® A^) ® (M ® A^)* 

M* ® AT* ® (A^ ® M) (g) (M (g) iV)* (M O AT)* 



= M* A^* ^ M* (g) A^* ® (AT M) (AT M)* 



M* ® A^* (g) (A^ (g) M) (g) (M (g) A^)* (M ® A^) 

M* (g) AT* ^ M* (g) AT* (g) (AT (g) M) (g) (A^ (g) M)* (iV (g) M)* if^^lii^ (M ® N)* 



— {cM,Ny 

□ 

2.2. Equivalence of some Yetter— Drinfeld categories and dual Hopf algebrcis. 

In the setting of Yetter-Drinfeld categories, one often needs to pass from one category to another. 
This is usually possible. We give the corresponding functors. We recall from 1.1.5 the definition 
of a functor between braided categories. 

Proposition 2.2.1. 1. Let H be a Hopf algebra with bijective antipode. The following categories 
are equivalent as braided categories: 



2. If H is finite dimensional the preceding categories are equivalent to the following ones (as 
braided categories): 

{v) yv%, (m) yV^XZ, {vii) %yv, {y%%%) "I^ZZyv. 

3. The following categories are equivalent as braided categories if H is finite dimensional: 

(ix) lYD, {x) yV'^Z. 

Proof. For (1) and (2), let M be an object in HyT>. We first prove that (i), (ii), (v), {vi) are 
equivalent. We take the structure 

h -^'^ m = S{h)m, 5^(m) = iS~^m(_i) (g) m(o) for ^''^lly'D, 

m / = m(o)(/, m(_i)), 6^{m) = ahm ® ""h for yV^l, 



m 



-'/ = ^(o)(/,5-^m(_i)), S%m)=^hm0SCh) ior yvfZl 



It is not difficult to verify that these structures make M into objects in the stated categories and 
that preserve tensor products. In all these cases the natural isomorphism r] of Remark 1.1.5 is the 
identity, i.e. F{M (g) A^) = FM (g) FA^. 
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We verify the compatibility with the braiding between ^yD and yV^^. The others are anal- 
ogous. Let ci and C5 denote the braidings in the respective categories. Let M and N be objects 
in §yV. Then we have to prove that Fci = C5F : M ® N ^ N ^ M. Let m^n E M ® N, and 
denote by the same symbol the corresponding element in FM FN — F{M (8) N). Then 

05(777, <S>n) — SqU (S> mSfn — ahn 777 °/i 

= ahn (g) 777(0) ("/l, "^(-1)) = 7?7(_i)7l (g) 7?7(o) = Ci(777 (8) 7l). 

In an analogous way it can be proved that the categories (Hi), {iv), {vii) and {viii) are equivalent. 
We give the equivalence between (i) and (iii), which is more subtle since 7] ^ id. Let M be an 
object in ^D^'D. We define 3?(M) in to be M as a k-vector space, with the structure given by 

777 h — S''^{h)m, 5^m — 777(0) ® «577i(_i) , 

whence 

6^{m h) = S'^m /i(2) ® cS(/i(i))5^(7n)/i(3). 
Observe that there is a natural isomorphism 

(f> = (pM,N ■■ 3fi(M (g) iV) ^ 3fi7V (g) 3fiM, {m®n)^n®m. 

We define 

r7M,iv = 0mV ° ■■ ^(M) ® K(iV) ^ K(M ® iV), 

that is, 

r)M,N{m ®n) = 0mV(^oH ® ^1 

= ^mVI^-CO) ® 5"^(577(i))7?7) 

= ^mVI^-CO) ® 'n(i)m) = 77(1)777 (g) 77(0) ^ 3?(M (g) iV). 

It is straightforward to check that (K, 77) is a functor between braided categories. We verify for 
instance (1.1.6): 

r]Mm,P ° {VM,N (g) id)(777 (g) 71 (g) p) = 77M0JV,p(^(-l)m (g) 777(0) ® p) 

= P(_i)(77(_i)777 (g) 777(0)) ® P{0) 
= P(-2)n(-i)m (g) J5(_i)77(o) (g) P(0), 
r]M,N®P O (id(g)7;jv,p)(777 (g) 71 (g)p) = 7/M,iV®p("^ » P(-1)^P(0)) 

= PM)^(-1)'5(P(_2))P(_1)777 (g)p(3)7Z(o) P(0) 
= P(_2)7l(_i)777 (g) P(-l)7l(o) <g)p(0)- 

(3) Let M be an object in ^yD, and define 

777 -^^^ h = S~^{h)m, S^^{m) = m{Q) (g) 777(„i). 

As before, it is straightforward to see that this is an object in yV^Jp, and that the braiding is 
that of ^yV. □ 

We concentrate now on dual Hopf algebras. It would be possible to define the dual of a braided 
Hopf algebra in ^3^2^ declaring R* (resp. *R) to be the right dual (resp. left dual) of R in ^3^1^ 
with the algebra and coalgcbra structure transposes of the coalgebra and algebra structures of R. 
This would fail to be a bialgebra in ^3^1^ because the compatibility between multiplication and 
comultiplicatin does not transpose to the compatibility between the transpose operations. There 
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are two ways to fix this problem. The first one is to take a kind of R*'"'", which is a Hopf algebra 
in ^yD (as it is done for a general rigid braided category in [Maj94a]). The second one is to 
consider R* (or *R) as a Hopf algebra in fflyV and recover a Hopf algebra in ^yV via 3?, the 
inverse functor to 3?. The natural way to see R* as a Hopf algebra in ^lyV is by means of the 
following construction: let 

R^H^H 
p 

be the construction given in section 1.3. We can dualize it to get 

R*®H* {R^Hf^H*, 
P* 

where the first is an isomorphism of vector spaces, and L*p* = idj^*. It is immediate that LKer(i*) = 
R* ® Sh Q R* ® H* . This makes R* into a Hopf algebra in ^tyD . One can get *R with the same 
procedure, but starting out with '^sR instead of R. 

We prefer instead of doing this the more categorical way: we define duals of a Hopf algebra 
in any rigid braided category as it is done by several authors (see for instance [Tak97]). For the 
special case of ^yV, we get the above duals. 

Definition 2.2.2. Let C he any braided rigid category and M, N objects of C. Let (p* and *(j) be the 
isomorphisms of 2.1. J,.. We define 

and then we define the structure of R* by 

TJiR* = R* ®R* ^ (R® R)* ^ R*, 

Ar* = i?* ^ (i? ® R)* R* ® R*, 

Sr* = {SrY, Ur* = (^r)*, Er* = (ur)*. 
We define *R in the same manner, replacing the duals on the right by duals on the left. 
Lemma 2.2.3. These morphisms make R* and *R into Hopf algebras in C. 

Proof. We use lemma 2.1.5. It is straightforward to prove associativity, coassociativity and the 
axioms for unit, counit and antipode. We shall prove the compatibility between multiplication and 
comultiphcation for R*. The proof for *R is analogous. Let M, N, S and T be objects in C. We 
denote 

C2,2 : {M N S 0T) ^ {S M (g) N) = cm^n,s®t, 
4>l, : (M ® NT ®{S®Tr -^{S®T®M® N)* = 01,^;v,5®r= 
0^ : (M* iV* 5* (8) T*) ^ (T 5 TV M)* = 0*). 

Let us observe that if / and g are morphisms then 

We claim that 

c(</'2,2)~^(id®c0id)*0;_2C"^ = ((/>* 0*)(c"^ 0c"^)(id0c0id)(c0c)((0*)"^ (0*)"^). 
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This is true because 

(t>l2C-\(t>* ® 0*)(C-' ® C-^)(id®C (8) id)(c ® c)(((/)*)~' (g) (0*)~')c(0;_2)~' 

= 0;,2(0* ® 0*)[C2:2(C-' ® C-^)(id«)C id)(c ® C)C2,2]((0*)~' (0*) (^^.s) 

= 04(id®c(g)id)(04)"^ = (id(8)c(8)id)*. 

Hence 

/\R.mR* = c(0*)-^m*A*0*c-^ = c(0*)-^(Am)*(/)*c-^ 

= c(0*)~^ [(m(8)m)(id(8)c(8)id)(A(8) A)]*0*c~"^ 
= c(0*)~^(A (g) A)*(id(8)c (8) id)*(m (g) m)*0*c~^ 

c(A* ® A*)(0; 2)~^(id®c ® id)*0; 2(^* ® m*)c-^ 
= (A* ® A*)c(0; 2)"^(id®c(g)id)*0; 2C"^(^* ®^*) 

= (A* (g) A*)(0* ® 0*)(c~^ ®c~^)(id®c®id)(c(g)c)((0*)"^ ® (0*)"^)(m* O m*) 
= (mij* ® mR*){\d®c ® \d){/S.R* ®) Ar*) 

□ 

Let it! be a Hopf algebra in HyT>. We give the specific structure for R* and *R. The formulae 
are exactly the same for both algebras. 

{m{f®g),r) = (/, r(2)(o)) 5"^(r(2)(-i))r(i)) 
= (^(o),r(2))(5"^(^(-i))/,r(i)). 
(/(i),r)(/(2),s) = (/,mc(s®r)) = (/, (s(_i)r)s(o)) 

= ('5"^(/(2)(-i))/(i),S(_i)r)(/(2)(o),S(o)). 
(5/,r) = (/,5r), {lR,,r) = {eR,r), (e^., /) = (/, 1^). 

The following result was found by many authors, see for instance [Tak97] or [BKLT97] . 

Proposition 2.2.4. Let C be a braided monoidal category. As usual, we denote by C the same 
category but with the inverse braiding, i.e. = (c^m)~^- -^^^ R be a Hopf algebra in C whose 

antipode is an isomorphism. We define i?"", R'°^ and R}"'" by 

niRap = niR O C^^J^, A.Rap = Ar, Srop — Sj^^, 

777, ^cop = THr, Arcop = Cj^ji O Ar, Sroop = Sji^, 

rriRbap = niR o cr^r., A^^bop = c^^j^ o Ar, SRbap = Sr. 

and the other structure morphisms remain equal as those of R. Then R""" and i?""" are Hopf algebras 
in C, and R''°^ is a Hopf algebra in C. 

Proof. The general proof is straightforward (and in fact very easy using drawings). We give a direct 
proof for the particular case of a Yetter-Drinfeld category. Wc prove the statement for i?"". The 
proof for i?""" is analogous, and for i?'"'" is the composition of the other two. Associativity is easy 
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to prove. We check the compatibihty between the multipUcation and comultiphcation: 
Am°P(r«)s) = A(s(o)(5-^(s(_i))r)) 

= S(o)(i) (s(o)(2)(-l)<S"^(s(-l))r(i)) ® S(o)(2)(0) (5-^(s(_2))r(2)) 

= S(i)(o) (s(2)(-l)5-l(S(i)(_i)S(2)(_2))r(i)) ® S(2)(0) (^5"' (S(l)(_2) S(2)(-3) )r(2)) 

= S(i)(o) (cS-'(s(i)(-i))r(i)) ® S(2)(o) (cS-'(s(2)(-i))5-i(s(i)(_2))r(2)) 
= (m°P (g) m°P) (r(i) S(i)(o) 5~^(s(i)(_i))r(2) (g) S(2)) 
= (m°P (8) m°P) (id Oc"^ (g) id) (A (g) A) (r (8) s) . 

It is straightforward, using 1.2.2, to check that .S"-*^ verifies the axioms for the antipode. □ 

Remark 2.2.5. We note that the above definitions can be made for algebras or coalgebras in a 
braided category. Then, if A is an algebra in C it can be defined A"" as the same object as A with 
multiplication m^op = it^aCa^aj if C is a coalgebra in C it can be defined C°°^ as the same 
object as C with comultiphcation Accop = cq^q o Ac- 

2.3. Integrals. 

By classical results a finite dimensional Hopf algebra has a one dimensional space of left (resp. 
right) integrals. These results can be generalized to finite Hopf algebras in braided categories, as 
it is done in [Doi97], [Lyu95b, Lyu95a] or [Tak97] (we define an object in C to be finite if it has 
a (right) dual ^ in the sense of 1.1.10). In what follows C shall be a braided category which has 
equalizers. As we noted above, monoidal categories are the natural context to define algebras and 
coalgebras. Given an algebra A in a monoidal category it is routine to define a (left) A module: it 
is a pair (M, ^) with M an object in the category and A (g) M ^ M which verifies 

^ o(id(8) ^) =^ o(m (8)id) : A (g) A (g) M ^ M (associativity), 
^ o{u (8) id) o = id : M ^ M (unitary). 

Analogously is defined a right A-module. If C is a coalgebra in the category we define in a dual 
fashion a (left) C-comodule to be a pair (M, S) with M an object in the category and S : M —>■ C®M 
which verifies 

(A (8) id) o 5 = (id ®5) o5: M^C®C®M (coassociativity) , 
Zm ° (£ ® id) o = id : — (counitary) . 

Analogously is defined a right C-comodule. It is routine also to define a Hopf module in a braided 
category: 

-'^Takcuchi defines dual in a weaker form: he calls M* the dual of M if there exists a morphism M* ® M ^ \ 
with the universal property that for every morphism / : X (3 M — » 1, there exists a unique morphism F : X ^ M* 

such that / = {^X (g) M ^-^^ M* (g) M ^ 1^ . He define an object to be finite if it has a dual in the sense of 1.1.10. 
It is easy to see that if M has a dual M* in the sense of 1.1.10 then M* is the dual in the sense of Takeuchi. The 
terminology is consistent with the usual cases: for instance, if is a QT bialgebra, every module in glM has a dual 
in the sense of Takeuchi, but it is finite if and only if it is finite dimensional. 
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Definition 2.3.1. Let R be a Hopf algebra in C. A left i?-Hopf module is a triple (M, 6), where 
(M, ^) is a left R-module, (M, 5) is a left R-comodule and 6 is a morphism of modules, where the 
structure of left R-module of R® M is given by 

R(^R(^M ^^^^R®R®R®M ^^^^R®R®R®M ^^^^R®M. 

As in the classic case, 6 is a module morphism iff ^ is a comodule morphism, where the comodule 
structure of R® M is given by 

R®M ^^R®R®R®M ^^^^^R®R®R®M R®R®M. 
The definition of right R-Hopf module is analogous. 

Definition 2.3.2. Let C be a coalgebra in C with a unit u : 1 ^ C which is a coalgebra morphism, 
and {M,5) be a left C-comodule. We define the space of coinvariants by means of the equalizer 

™^M = Eq(M ^ C®M). 

n(g)id 

The fundamental theorem for Hopf modules can be modified to braided categories. Specifically, 

Proposition 2.3.3. Let C be a braided category, let R be a Hopf algebra in C, and let be the 

category of left R-Hopf modules. Then ^M. is equivalent to C via 

V eC ^ {R(g)V,mr®id,AR® id) e ^M, 

Proof. Mimic [Swe69, Th 4.1.1]. See also [BD95, 3.3] for the case when C is a braided category 
with split idempotents. □ 

This is the first step to prove the existence of non zero (left) integrals in a finite dimensional 
Hopf algebra, and is used by Takeuchi in [Tak97] in the same way. We follow now his work. If R 
is a finite Hopf algebra in C, we define the structure of right i?-Hopf module on R* given by 

^ ■.= R*^R ""^^^K, R*®R(®R®R* '"^'^'^ R*®R®R®R* '^^"^^''^) R*®R®R* R* 

5 :^ R*'^' R* R0 R* ^-^^ R* R0 R(S) R* '"'"'"''"'^ R* ® R® R® R* R* ® R. 

The proof that {R*, S) is an i?-Hopf module is straightforward. 

From the other hand, let A be a coalgebra in C, which is also a finite object. Then A* is an 
algebra in C, with multiplication m* as in 2.2.2. Moreover, if u : 1 — > A is a coalgebra map, 
then {A*, u*) is an augmented algebra in C. If (M, is a left A*-module in C, we define on M a 
structure of right A-comodule as follows: 

p^m^^a®a*®m^^^a®mAm®a. 

Then the invariants of M are defined by the equahzer = M"""^ — Eq(p, id(8)ti). 
Let now R* act on R* on the left by multiplication. We define the integrals by 

I^(R*) = ^*R* = {Ry^. 

Then the right coaction p coincides with S, as can be seen tensoring both morphism on the left 
with R*, and then composing with {dr <® id) {id <S>c~^). The fundamental theorem on Hopf modules 
gives then 

R* ~ Ii{R*) ® R. 
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Changing {R, R*) by {*R, R) we get 

R ~ Te{R) ® *R, 

and thus R* ~ Xf(i?*) 1i{R) *fl ~ li{R*) ® J£(-R) ® -R*. If the category has coequahzers, we 
can apply to this isomorphism the functor — ®r* 1 and we get 

1~ J,(i?)® J,(i?*), 

which means that Ie{R) is an invertible object in C. It is clear that the above construction can be 
made analogously to get right integrals 

such that *i? ~ i? ® Ir{*R): R^ R*® Ir{R)- 

From the invertibihty of the space of integrals, it is possible to deduce the existence of a distin- 
guished grouplike in R* , which reflects the action of it! on the right over Xi[R). See [Tak97]. 

We want to compute now the defining equation for the space of integrals Ie{R) for R a Hopf 
algebra in ^yD. Let {af}, {"r} be dual bases for R and *R. Wc have 

p{x) — c{id®mR){br*R (E) id)(,T) = c(id (8)mij) ("r (g) ar x) 

= c(°r (g) arx) = "r(_i)(ara;) ar{o)- 

We then have for y e -R 

{id ^y){px) = "r(_i)(ara;)("r(o),|/) = S{pr(-i)){e,rx){"r, f}r(o)){'^r,y) 
= '5(y(_i))(c,rx)(°r,?/(o)) = 5(y(_i))(y(o)x). 

Therefore x e ^^(i?) iff 

5(y(_i))(y(o)x) = (id0y)(px) = (id0y)(x(8)£) Vy e i?. (2.3.4) 

Hence, if x e Ie{R) we have 

= y(_2)5(y(_i))(y(o)x) = y(_i)£(y(o))x = e{y)x Vy e i?. (2.3.5) 

Conversely, it is immediate to see (2.3.5) imphes (2.3.4). Thus, for it! a Hopf algebra in we 
have the well known equation 

X e Ie{R) ^yx^ e{y)x My e R. (2.3.6) 

Furthermore, the inveribility of Ie{R) tells that it is a one dimensional Yetter-Drinfeld module. 
Analogously, the defining equation for left integral elements in R* is stated as 

A e Ie{R*) <^ (A, x)l = (A, j;(2)(o))«5~^(x(2)(-i))x(i) Vx e R. 

We note that (A, X(2)(o))«5~^(x(2){-i))a:(i) = (A(o), X(2))A(_i)a;(i). Let now A e Ie{R*), X ^ 0. We 
have an isomorphism of Yetter-Drinfeld modules it! ~ i?*, x i— > (A ^ x). Therefore we have the 
following nondegenerate bilinear form on R: 

{x,y) = (A ^ x){y) = (A, (x(_i)y)5(x(o))). (2.3.7) 

Takeuchi proves also that for a finite braided Hopf algebra the antipode is an isomorphism as 
we now sketch. Let X — Xe{R*). The isomorphism i?* ~ X (g) i? is given by 

(l^R^ R* ^R^ R*) . 



20 



NICOLAS ANDRUSKIEWITSCH AND MATIAS GRANA 



Note that, because of the definition oi a can be factorized as 

which impHes that X ® R ^'^'^^ > X ® R has a left inverse. Tensoring it with R on the left and 
composing with the isomorphism 

R®X ® R^X ® R® R ^ R* ® R, 

we get that R* ® R -ll®^ R* ® R has a left inverse. Since 1 ^ i?* ^ 1 is the identity morphism, 
we can compose (id®5) and its left inverse convenientely with e* ® id^j and u* ® id^j, and we get 
that S : R ^ R has a left inverse. Since the same argument proves that S* : R* ^ R* has a left 
inverse, this implies that S has a right inverse also. 

3. Braided Hopf algebras of type one 
3.1. Semisimplicity of Yetter-Drinfeld categories over group Etlgebras. 

Let r be a finite group. Let H be the group algebra of F over k, where k is an algebraically 
closed field whose characteristic does not divide the order of F. We prove that ^yX) is a semisimple 

category, and give a complete description of the simple objects in terms of irreducible representa- 
tions of some subgroups of F. This seems to be folklore; it can be found e.g. in [CR97, Prop 3.3] 
in the language of Hopf bimodules (see also [Cib97]). Thanks to 1.1.16, in order to give all the 
simple objects of it is enough to give a collection of mutually non isomorphic simple objects 
for which the sum of the squares of their dimensions is the dimension of X>{H). It is known, in 
fact, that the double of a semisimple and cosemisimple Hopf algebra is semisimple, see [Mon93, 
Cor 10.3.13], but the argument there is not constructive, in the sense that it refers to Maschke's 
theorem. 

We consider the conjugacy classes of F, and choose an element in each class, which gives a 
subset Q of F. For any e F we denote by Og = {xgx~^\x G F} the conjugacy class of g, and by 
Fg — {x & F\xg — gx} the isotropy subgroup of g. 

Definition 3.1.1. Let p -.Tg ^ End{V) be an irreducible representation ofTg, and let 

M{g,p) :=Ind^^\/ = kF ®^r,V. 

For V & v. ,x G F, we denote by the element x v G M[g,p), and by ^g the conjugate xgx~^. 
We take for M{g, p) the structure given by 

h = ^^v (the induced structure), 

which makes M{g,p) into an object of^yV. Observe that dim M{g, p) — [F : F^j x dim(p). 

Given a group G we denote as usually by G the set of isomorphism classes of irreducible repre- 
sentations of G. We often denote a class in (3 by a representative element. 

Proposition 3.1.2. The objects M{g,p) are simple, and any simple object of ^yV is isomorphic 
to M{g, p) for a unique g & Q and a unique p G F^,. 



BRAIDED HOPF ALGEBRAS 



21 



Proof. Let g & Q, p ^ Tg. Let 7^ C M{g,p) be a Yetter-Drinfeld submodule. We have 
to prove that W = M{g,p). Let Eg be a set of representatives of left coclasses of F modulo Tg, 
i.e. r = UxGEg^rg. Observe that M{g,p) = ©^.g^^^ ka; ® as vector spaces, where V is the 
space affording p, i.e. p : — > Aut(y). Let Q ^ v & W, v — J2xeEg^ <Si Vx — J2xeEg^{'^x)- Let 
e H* be defined by Px{t) = Sxg^f We have 

Now, as f 7^ 0, we have Vy ^ for some y G Then Vy = 1 ^ Vy = (^(f^y)) ^ but 

kFp ^ = kl (g) 1/ because of the ireducibility of p, and then kl ® V C 11/. Thus 

Vx e e V, ^t; = (x ^ -u) e (F ^ ly) c ly, 

whence = M(g, p). 

Let now h E Q and r : F/^ — > End(K') be an irreducible representation of Th- Define M{h, r) as 
before. If g ^ h, it is immediate that M{g, p) 9^ M{h, t) because M{g, p) has elements of degree 
g and M{h,T) does not. li g = h and p t then M{g,p) 9^ M{h,T) because any isomorphism, 
being a morphism of comodules, restricts to an isomorphism between V and V. Therefore, we 
have a collection of mutually non isomorphic objects M{g, p) taking g E Q and p e Tg. These are 
all the irreducible objects in ^3^X>, since 

E $:(dimM(^,p)f =E E([r:r,]dimp)f 

= E([r : r,]2 E (dimp)^) = E([r ^ r,])^(#F,) 

362 per, 9GQ 

= E(#0.)'(#r,) = E(#^.)(#r) = (#F) E(#(^.) = (#r)(#r) = dim{v{H)) 

g&Q geQ geQ 

□ 

Corollary 3.1.3. IfT is ahelian, every Yetter-Drinfeld module over kF can he decomposed as a 
direct sum of YD modules of dimension 1 . 

Proof. It is immediate, since [F : F^] = dim p = 1 for every g ET and p G F^. □ 
Prom now on R shall be a Hopf algebra in l/D^I^. We shall denote by 

V{R) = {x e i? I A(x) ^l®x + x®l} 
the space of primitive elements of R. 

Lemma 3.1.4. V{R) is a Yetter-Drinfeld submodule of R. 

Proof. Consider the morphism from Rio R® R given by 'kIr ®ur + ur® id^. It is a morphism in 
^3^1?, as well as Aij. Then V{R) is the equalizer of both morphisms, which is a submodule and a 
subcomodule of R. □ 

We recall from [Swe69] that the coradical of R is the sum of all its simple subcoalgebras. Since 
R is in particular a (classic) coalgcbra, we can apply to R the machinery of the coradical filtration. 
We shall denote by Rq the coradical of R. We are interested in braided Hopf algebras R such that 
Rq = kl and V{R) generates R as an algebra. We give now some first results about such algebras. 
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mainly for the case in which V{R) is an irreducible object, and postpone to the next section a 
more formal and general treatment. 

Definition 3.1.5. Let R be a braided Hopf algebra in HyV. We say that R is an ET-algebra if 

Rq = kl and V{R) generates R. 

Proposition 3.1.6. Let R be an ET-algebra such that V{R) = M(g,p) for some g E T, p E 
Tg. Then the bosonization R^^H is an extension of the bosonization R^kG by the group algebra 
k(r/G), where G is the subgroup ofT generated by Og. 

Proof. Let V be the space affording p, i.e. p : Tg ^ AvXiV). Observe first that G is normal, 
because ii h E V and gi,...,gn E Og then ^{gi---gn) = ^di-'-^gn ^ G. Observe now that 
S{R) C kG (g) R because V{R) generates R, and then R can be considered as a kG- module and 
a kG-comodule. Furthermore, it is immediate that R is a, Hopf algebra in kc^^"^- Consequently, 
there exists an inclusion 

A = Ri^kG = B. 

Moreover, this inclusion is normal: let /i G G, a; G F, r E R, s = ^v E M{g,p) C R, where t E Eg 
(= left coclasses T/Tg). Then 

Ab{s) = Aij(s#l) = (id(g)C(g)id)((l s + s 1) (1 g) 1)) = *5( s + s 1, 

S{s)=S{s4^1) = -Cg)-'s, 
Ab{x) = Ab(1#x) = = X X, 

and thus 

Ad,{h) = S(i)/i5(s(2)) = -*gh{*g)-^s + sh ^ -^*<^^hs + sh E R#kG, 
Ad,(r) = S(i)r5(s(2)) = -^gr{^g)-^s + sr = -{*g r)s + sr e i?#kG, 
Adj;(/i) = X(i)hS{x(2)) = xhx~^ ^""h E i?#kG, 
Adx{r) = a;(i)riS(a;(2)) = xrx~^ — x ^ r E R^fkG. 

The condition that V{R) generates R guarantees that Vs E R, Ads(-R#kG) C R^kG. We have 
therefore a sequence of Hopf algebras 

k ^ i?#kG ^ ^ k(r/G) ^ k. 

It is straightforward to see that this sequence fulfills the conditions of [AD95, 1.2.3], and then the 
sequence is exact. □ 



Remark 3.1.7. The space V{R) may be a simple object in ^3^^^, but may be decomposable when 
considered as an object in ^QyV. For instance, when G is abelian we know from corollary 3.1.3 
that P(-R) decomposes as a sum of objects of dimension 1. 

Definition 3.1.8. We say that R can be obtained from the abelian case if its bosonization is an 
extension 

k > RifkVi > R4H > kF2 > k 

where Fi is abelian. 
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Lemma 3.1.9. Let R be an ET-algehra such that V{R) = M{g,p) for some g, and p G Tg. Let G 
he the subgroup generated by Og. IfTg<iT then G is abelian, and thus R can be obtained from the 
abelian case. 

Proof. Let t G Og, t = ^g. Then we have Tt = "^Tg = xTgX~^ = Tg, which imphes that Fj^ = 
for any ti,t2 G Og. Thus any two elements in Og commute, and hence the group generated by Og 
is abehan. □ 

Example 3.1.10. The preceding lemma has the following application: if all the isotropy subgroups 

ofV are normal, then any ET-algehra with an irreducible space of primitive elements can be obtained 
from the abelian case. This happens, for instance, forBi^. Other examples are the groups such that 
every subgroup is normal. It is known that these groups are abelian, or of the form H x A, where 
H is the quaternion group, i.e. 

H = {1, -l,i, -i,j, -j,k, -k\ i'^ = A;^ = -1, ij = k, jk = i, ki^j}, 

and A is an abelian group without elements of order 4 (see [Car56]j. 

Proposition 3.1.11. Let R be an ET-algehra such that d\m.V{R) = 2. Then R can he obtained 
from the abelian case. 

Proof. Let M — V{R). We have dimM = 2 and then there are three possibihties: 

1. M is decomposable as M = M{gi,xi) © M{g2, X2) with gi central in F and Xi characters. 

2. M is simple, and then M = M{g, p) with F^ = F and dim p = 2, or 

3. M = M{g, x) with [F : F^] = 2 and x a character. 

In the first case, let G be the group generated by gi and g2. It is abelian because the g^ are 
central. The construction of proposition 3.1.6 can be made with this G. 

In cases 2 and 3 we have F^ = F or [F : F^] = 2, and the result follows from the lemma above. □ 

3.2. Bialgebrcis of type one. 

As we said before, we are interested in certain classes of braided Hopf algebras, which we define 

in this section. Most of the following can be made in any braided category, as it is done by 
Schaucnburg in [Sch96]. Given a braided category C, he is obliged to work in an N-graded category 
C^. To avoid these technicalities we shall work in ^yT> and ^yV^. 

Definition 3.2.1. A graded Hopf algebra in ^y^^ or ^yV^ is simply a Hopf algebra R in any of 
these categories such that R — R{n) and 

R{t)R{j)<ZR{t+j), A{R{k))C R{z)^R{j). 

i+j=k 

An important application of the existence of an integral is the following 

Proposition 3.2.2 (Nichols). Let R = ©^Qi?(i) be a graded Hopf algebra in ^yT> (it is in par- 
ticular finite dimensional), and suppose that R{N) 7^ 0. Then dimi?(i) = dimi?(A^ — i) \/i. 

Proof. Since R is graded, it is clear that R* is also a graded Hopf algebra in ^0^^?. Let A G i?* be a 
non zero left integral. We have then X = J2iK: where Aj G R*{i) is the component of degree i. It is 
immediate, looking at (2.3.6), that each Aj is a left integral in R*. Then, by the one dimensionality 
of the space of integrals, we have A = Aj for some j. We recall now (see (2.3.7)) that A defines a 
non degenerate bilinear form 

{x,y) = (A, {x(-i)y)S{x(o))). 
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Since R(i) and R{k) are orthogonal if i + A; = j, this map induces a non degenerate bihnear form 
between R{i) and R{j — i) for each i. Hence in particular we have that R{i) = Wi > j, and then 
j = N, whence the thesis. □ 

Definition 3.2.3. A braided Hopf algebra of type one, or briefly TOBA, ^ in 
is a graded Hopf algebra in any of these categories such that 

i?(0) ~ k, 

{®i>iR{i)f = ®i>2R{i), 
V{R) = Ril). 

Remark 3.2.7. A graded bialgebra in ^yT> or ^yT>oo which satisfies these conditions is automati- 
cally a Hopf algebra, thanks to [Mon93, Lemma 5.2.10]. 

It is easy to sec that if i? is a TOBA then the unit and counit are respectively the canonical 
inclusion and canonical projection 

u:k = R{0) ^ R, e : R^ R{0) = k. 

It is easy to see that in presence of (3.2.4) the condition (3.2.6) is equivalent to the condition 

Ri = RoARo = i?(0) ©i?(l), 

where A stands for the wedge product and Rq G Ri G . . . stands for the coradical filtration of R 
(see [Swe69, Ch. 9]). Moreover, it is easy to see by induction that the condition (3.2.5) is equivalent 
to 

{R{1)T = R{n) Vn > 1, 
which in presence of (3.2.6) can be stated by saying that V{R) generates R. 

Example 3.2.8. Let R — \i[x]/x^p'^\ where chark = p. The comultiplication is determined by 

imposing x to be a primitive element. This is a (usual) graded Hopf algebra which verifies (3.2.4) 
and (3.2.5), but not (3.2.6). Its dual is a graded Hopf algebra which verifies (3.2.4) and (3.2.6) but 
not (3.2.5). Another example is the tensor algebra T{V) of a vector space V of dimension greater 
than 1, with comultiplication determined by V G P(T(\/)). This Hopf algebra satisfies (3.2.4) and 
(3.2.5) but not (3.2.6). Indeed, V{T{V)) is the free Lie algebra generated by V. 

It is not known whether a finite dimensional graded (braided) Hopf algebra satisfying (3.2.4) 
and (3.2.6) should satisfy (3.2.5) provided that chark = 0. This was proved in [AS] in the case 
dimV{R) = 1. 

We give three ways to construct a TOBA. The second one is due to Nichols (see [Nic78]), from 
where wc borrow the name. The first one can be seen as a rewriting of that of Nichols in the 
language of braided categories, and is due to Schauenburg (see [Sch96], see also [Ros95, Ros92], 
[BD97]). The last one is inspired in the work of Lusztig [Lus93] and is stated for the category 
Hy^co: where H — \s.r (Lusztig's algebras f and 'f are braided Hopf algebras in a category of 
comodules). The approach of [Sch96] is in fact motivated by this work. We prefer to give the way 
of [Sch96] first because it seems more useful to us, and then give that of [Nic78] in the terms of 
[Sch96]. It is important to note that we work in ^yV and ny^oo, rather than in an N-graded 
category. 

^The Tobas are an aboriginal ethnic group living in the north of Argentina. 
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BRAIDED HOPF ALGEBRAS 25 

Let n G N, n > 2. Let S„ and B„ be the symmetric and braid groups defined in 1.1.13. There 
is a projection B„ ^ S„, cTj i-^ Tj. 

Let X e Sn. We denote by i{x) the length of a minimal word in the alphabet {Ti\ 1 < i < n} 
which represents x. For y e B„ we denote also by £{y) the length of a minimal word in the alphabet 
{(Tj, (T~^| 1 < i < n} which represents y. There is a unique section s : S„ — * B„ to the projection 
B„ — > §„ such that s(rj) = CTj and s('u;'u;') = s{w)s{w') whenever i{w ■ w') = £{w) + i{w'). It is 
given by 

{w = r,,---r,.)^{ai,---ai^) if i{w) = j {thus is = £). (3.2.9) 

It is clear that it is unique; it is proved in [CR94, 64.20] that it is well defined. Using this section, 
we define the S morphisms: let V be an object in ffyV. As in remark 1.1.14, B„ acts on T/®". 
For w e B„ we denote also by w the corresponding morphism given by this action. If X C S„, we 
define the morphism 

xex 

Let ki, . . . ,kj eN such that ki-\ \-kj — n. We denote by X^^^,,, ^}.. C §„ the {ki, . . . , A;j)-shuffle 

and yfei,...,jfc^ C the inverse of Xki,...,kj, i.e. 

Xkr,...,kj ^{xe §„| x-\ki + --- + ki + l) <■■■ < x-\ki + ■■■ + ki+i) = 0, . . . ,i - 1} 

We then define Sk,,...,kj = Sx,^,...,,., S" = Si,i,...,i = Ss„, and Tk,,...,kj = Sy,^ 
Then, for instance, = id +c, and 

82,1 = idy®3 + idy ^cvy + (idy ^cv,v){cv,v <^ idy) : V^^ V^'^ V. 
We observe that for i + j = n, S" = (S' ® S^)Sij. 

Definition 3.2.10. Let V be an object of^yV. We denote by T"(V) = V^'' and by T{V) the 
tensor object 

T{v) = k e 1/ © ^ • • • e y®" e • • • 

T(y) is not an object of^yV, but an object of^yVoo- We consider on T{V) two different bialgebra 
structures, which we denote by A{V) and C{V). Both are graded bialgebras in the sense of 3.2.1, 
and we denote 

m = ® rrii^j, A = © Ajj, 

where niij : A'{V) O A^{V) A'+^{V) and A^j : A'+^{V) A'{V) ® A^{V) and the same for 
C{V). We take for both A{V) and C{V) the unit and counit given by inclusion k — > T{y) and 
projection TiV) — > k. We take on AiV) the multiplication given by 

ruij = id : A\V) ® A^{V) A'+^{V). 

There exists only one comultiplication making A(y ) into a bialgebra in ^y^oo with 

Ai_o = id:V^V®k, Ao,i = id : 1/ ^ k O V, 

which is given by 

Aij = S,,, : A^+^{V) ^ A^{V) © A^{V). 
Dually, we take on C{V) the comultiplication given by 

Aij = id : C'+'{V) ^ C\V) © C^{V). 
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There exists only one multiplication making C{V) into a bialgebra in ^y^oo with 

mo,i = id : k (8) y — > y, mi,o = id : F k ^ V, 

which is given by 

There exists only one morphism of bialgebras S : A{V) C{V) such that S|^i = id : F — > 
This is the graded morphism given by 

s = enS" : A'iv) c"(y). 

Let B{V) = ©„S"(V^) be the image S{A{V)) C C{V). This is a bialgebra in §yv^ and is 
isomorphic to 

>l(y)/ker(S)=0(>l"(y)/ker(S-)). 

n 

We have then a graded bialgebra B{V) in Ifj^Poo which, by construction, verifies (3.2.4) and 
(3.2.5). It also verifies (3.2.6) since, as a subbialgebra of C(F), the comultiphcation components 
Aij : 5'+-' <Si B^ are injective for all i, j e N. Hence we have 

Definition 3.2.11. Let V G ^yV, t{V) := 0„(A"(y)/ker S") C C{V). It is a TOBA with 
V{i{y)) ~ V . As we noted in 3.2.7 it has an antipode. It is given by S{x) — —x \/x e -R(l) and 
it is extended by 1.2.2. The following proposition proves that a TOBA is fully determined by its 
space of primitive elements, and thus t{V) can be defined alternatively by conditions (3.2.4) -(3.2.6) 
plus t{V){l) = V. 

Proposition 3.2.12. Let R be a TOBA. Let V = R{1), p : A(y) ^ R be the algebra surjection 

induced by the inclusion V "-^ R, and I be its kernel. Then I = ker(S). 

Proof. We prove first that / ^ ker(S). Since both / and ker(S) are homogeneous, we have to 
prove that ^ ker(S"), where is the homogeneous component of / of degree n. We proceed by 
induction. 

For n — 1 there is nothing to prove, since = id. Let p : A{V) R he the projection, and 
suppose that the inclusion is true for m < n. Let x e ker(S"). We have that 

A(x) = ^k,ix e 

k+l=n k+l=n 

but = (8^= (8 S^Sfc,;, and hence 

Sk,i{x) e ker(S'= (g) S') = ker 8^= (g) V®^ + V®'' ker S^ 
whence Sk,i{x) e I <Si A + A<Si I if k,l < n. Then {p®p){Sk,i{x)) — ii k,l < n, which implies that 

^{P{x))^ Yl {p^p)Sk,l{^)^{p^p){Sn,o{x)+So,n{x))^p{x)^l + l^p{x). 

k+l=n 

Thus p{x) G P(-R), but p{x) G R{n) and n > 1, whence p{x) — and then x & I. This proves the 
first inclusion. 

We have now the quotient morphism of coalgebras (of braided Hopf algebras, in fact) 

A(V)/kerS ^ R, 
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which is injective on (A(l/)/ker(S))i (the second term of the coradical filtration), since 



(^(y)/ker(s))i = key = i?(o)ei?(i). 



By [Mon93, 5.3.1], the quotient morphism is injective, which says that ker(S) = /. 



□ 



Remark 3.2.13. We note that R = t{V) depends as a braided Hopf algebra only on the braiding 
cv,v £ End(l^ V). This allows to consider R in difi^erent categories, as long as cyy remains 
unchanged. 

We give now a second construction of a TOBA. See [Nic78] for details. 

Definition 3.2.14 (Nichols). A graded bialgebra B — 0j>o-B(i) is called a bialgebra of type one 
if it verifies the following conditions: 



We define similarly the notion of Hopf algebra of type one. 

Remark 3.2.17. Let B — 0j>o B{i) be a bialgebra. As in the braided case, it follows from [Mon93, 
Lemma 5.2.10] that B has an antipode if and only if B{0) does. 

Nichols constructs bialgebras of type one starting out from Hopf bimodules. We relate his 
construction to that of Schauenburg. In order to do this we need the following 

Lemma 3.2.18. Let H be a Hopf algebra, R = 0„>o R{n) be a graded Hopf algebra in ^3^^^, and 
A — R^H. This is a graded Hopf algebra with respect to the grading 



If R is a TOBA then A is a bialgebra of type one such that A{0) ~ H . Conversely, let B = 
0„>o B{n) be a graded Hopf algebra. We have the canonical morphisms of Hopf algebras B{0) ^ B 

and B B{0). Let R = B""'^ ; it is a graded Hopf algebra in fjojj^P. Hence, if B is a Hopf algebra 
of type one then R is a TOBA. 

Proof. Condition (3.2.4) is easily seen to be equivalent to the condition A{0) = H. Then the equiv- 
alence between (3.2.5) and (3.2.15) is a consequence of the following: let M and N be subspaces 
of R. We claim that if N is an //-submodule then {MN)^H = {M4H){N#H). For this, let 
m e M, n e N, h E H. Then {mn^^h) = (m#l)(n#/i) G {M#H){N^H), which implies one 
inclusion. The other is immediate under the hypothesis of being a submodule. 

As we remarked after the definition 3.2.3, it is easy to see that (3.2.6) is equivalent to the condition 
k A k = R{0) © R{1)- The equivalence between conditions (3.2.6) and (3.2.16) is a consequence 
of the following: let M and A^ be subspaces of R. We claim that if A^ is an iJ-subco module then 
(M^H) A (N^H) = (M A N)^H . To see this, we consider both subspaces as kernels of certain 
morphism: let us denote by r the usual fiip x ® y ^ y ® x. If X is a subspace of F, we denote 
hy Px '-Y ^ Y/ X the canonical projection. Since A" is a subcomodule, R/N has an i7-comodule 



{®^^lB({)f = ©.>25(2), 

5(0) A 5(0) =5(0)0 5(1). 



(3.2.15) 
(3.2.16) 



A = A{n), A{n) = {R{n) 5") C R^H. 



n>0 
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structure, which we denote also by S. Thus, 

{MAN)#H = ker((pM®Piv)A«)#i/ 
= ker((pM®PAr®id)(Aij(giid)) 
= ker ((pm® id ^pn^ id) (id or® id) (Ar^Ah)) 

— ker ((id ®mH® id ® id) (id ®t® id ® id) (id ® id 0(5® id) (pm® id ®pn® id) (id or® id) {Ar^Ah)) 

— ker {{pm^itih^Pn^ id) (id o id or® id) (id ^S^ id o id) ( A^^^A^)) 

= ker {{pm^ id ^Piv® id) (id oc® id) ( A^igiAii-) ) 

= ker ((p(^m#h)<^P{n#h))^r#h) 
= (M#//)A(7V#//). 

□ 

Let {P, 6p : P ^ P ® H) he a right iJ-comodule, and (Q, 5q : Q ^ H®Q) be a left i^-comodule. 
We denote as usual by the cotensor product, i.e. 

PUhQ = Eq(P (8) g "^3"^ P //® g) = {^Pi ® g^l 5](pi)(o) ® (Pi)(i) ® = Pi ® (gi)(-i) ® (gi)(o)}- 

Let if be a Hopf algebra and M e f Alf (see 1.1.17). We denote by 

Ah{M) = Th{M) = H®M®{M®hM)®{M®hM®hM)®--- = ^A'h{M), 

i>0 

Ch{M)^Th{M)^H®M®{MUhM)®{MUhMUhM)®---^^C\j{M). 

i>0 

As before, Ah{M) (resp. Ch{M)) has a canonical graded multiphcation (resp. comultiplication) 
given by projection 

A'h{M) ® A^h{M) ^ A'+\M) = A'h{M) ®h ^i(M) 

(resp. inclusion C^^-' = C^OffCff — >• C'hI^Cjj). Moreover, Ah{M) can be endowed with a (unique) 
comultiplication which makes it into a bialgebra such that in degree 1 it is given by 

A]j{M) = M {H®M)®{M®H)^ [Ah{M) ® Ah{M)]{1), 

and Ch{M) can be endowed with a (unique) multiplication which makes it into a bialgebra such 
that in degree 1 it is given by 

[CniM] ® Cij(M)](l) ^{H®M)®{M®H) ^^^^ M = C]j{M). 

There exists a unique bialgebra map Ah{M) — > Ch{M) which is the identity on degrees and 
1. We denote by Bh{M) its image. This is a bialgebra of type one. Moreover, since if is a Hopf 
algebra, Bh{M) is a Hopf algebra. This construction is related to that of Schauenburg by the 
following diagram. For C a braided category, we denote by T-Cf{C) the subcategory of the Hopf 
algebras in C, by # the bosonization functor and by S the functor h-^h of proposition 

1.1.17. In this diagram we denote also by B (instead of t) the functor giving the TOBA in ffyV. 
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Then we have a commutative diagram 

s 



B 



# 



The proof that this diagram commutes is straightforward but tedious. One can verify that the 
diagram commutes replacing B with A and C, the tensor and cotensor bialgebras, and then note 
that the following diagram commutes \/V e ^D^'P: 

{AV)4j^H > A{SV) 



{CV)i^H 



C{SV), 



where the left and right sides are the (universal) morphisms A ^ C ^ and the top and bottom sides 
are the natural equivalences given by the commutativity of the first diagram with B replaced by 
A and C respectively. 



Remark 3.2.19. Let F be a k-vector space and c e Aut(y ® V)^ satisfying the braid equation, 
namely 

(c ® id) (id (g)c) (c (g) id) = (id ®c) (c ® id) (id ®c) . 
We remark that we can define iiV) = AV/ keT{S) in the same vein as before, where S{v) = 
J2xeSn for V e A"(V^), and the group B„ acting on V'^'^ via c. 

The last way wc give to construct a TOBA is by means of a bilinear form on A{M). The idea 
is the same Lusztig uses to construct the algebra f , and is in fact the motivation for Schaucnburg 
to construct the morphism S (see [Lus93], [Sch96]). Miiller uses this presentation to prove that 
the nilpotent part n+ of the Probenius-Lusztig kernel u is a TOBA over Uo (see [Miil98]). In our 
context the form is not a pairing between A(y) and itself, but between A{V) and A(l^), W being 
another (possibly the same) vector space. We begin with a useful result. 

Lemma 3.2.20. Let U,Z be \i-vector spaces with an action ofM^ (in the usual cases U — V®'^ , 
Z = M^®";. We denote for u e U 

S^u^ Y: s{x){u), 

and analogously for z E Z. Suppose we have a bilinear form (|) : ?7 ® Z — >• k such that either 

(a) . {ai{u)\z) = {u\ai{z)) or 

(b) . {cri{u)\z) = {u\an-i{z)). 

Then we have (S^t^l^) = (ii|S"^) forueU, z E Z. 

Proof. Let x e S„, x — Ti^ ■ ■ ■ Ti^ with i{x) = d. Then s{x) = ■ ■ ■ a^^ and s{x~^) = ai^ - ■ ■ ai^^, 
since x~^ — Tid'''^ii i{x^^) — i{x) — d. Furthermore, let T e S„ be defined by 
T : {1, . . . ,n} {!,••• ,n}, T{i) = n + 1 — i. Let D be the inner automorphism defined by 
T, that is, E>n, D{x) = TxT~^. We observe that -D(Tj) = T„_j for 1 < i < n — 1. 

Moreover, since — id, we have — id. Thus, if x e S„, x = Ti^ - ■ ■ and £{x) = d, we 
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have Dix-^) = D{n^---n,) = Tn^i,---T^-i,, whence t{D{x-^)) < i{x). Since D{{D{x-^)Y^) = 
{D'^{x~^))~^ = X and the previous inequahty holds true Vx G §„) we have ^{D{x~^)) = i{x). Thus, 

s{^D{x )) s(^Tn—i^ ■ ■ ■ Tn—ii^ (Tjj_j^ • • • (J^_jj^ . 

We have now in case (a) that 

{s{x){u)\z) = {ai, ■ ■ ■ ai^{u)\z) = {u\ai^ ■ ■ ■ ai^{z)) = {u\s{x-^){z)), 

and hence 

{S^'ulz) = J2 {s{x)u\z) = ^ {u\s{x-^)z) = {u\S''z). 
xeS„ xeSn 

In case (b), we have 

{s{x){u)\z) = ((7ii • ■■ai^{u)\z) = {u\ari-i^ ■ --an-i^iz)) = {u\s{D{x~'^)){z)), 

and hence 

(S"ii|^) = {s{x)u\z) = ^ {u\s{D{x-''))z) = (ii|S"z). 

□ 

Remark 3.2.21. Bihnear forms as in 3.2.20 happen to exist very often. Suppose for instance that 
we have a bihnear form (|) : (g) — > k such that one of the following cases arises: 

(a) . {cv{vi®V2)\wi®W2) = {vi®V2\cw{wi<SiW2)) fortheform (■i;i(8)V2|tyi(8)W2) = {vi\wi){v2\w2). 

(b) . {cv{vi<^V2)\wi<^'W2) — {vi<^V2\cw{wi<^W2)) for the form {vi <^ V2\wi <^ W2) — {vi\w2){v2\'Wi). 
In case (a) we define 

(Vl (g) . . . (g) Vn\wi . . . (g) Wn)> = YliVilWi), 

i 

and this fits into case (a) of 3.2.20. 
In case (b) we define 

{Vi (S> ■ ■ ■ <^ Vn\wi (S> ■ ■ ■ <S> Wn)< = j Iw^+i-j) , 

i 

and this fits into case (b) of 3.2.20. 

It is clear that if (|) is non degenerate, then (|)> (resp. (|)<) is non degenerate. These cases are 
satisfied in the following examples. 

Example 3.2.22. Let {i ■ j)i<i,j<n be a Cartan datum (see [Lus93] for the definition), and let q be 
an indeterminate over k. We take V = k(g)^i © ... © \s.{q)9n, and define cv{Oi ® 9j) — q^'^Oj ® 9i. 
Furthermore, we take {\) :V ®V ^ k(g) given by 

{ei\e,) = (1 - q-'n-Xr 

It is easy to see that this is a non degenerate bilinear form such that 

(c(ei, (g) (g Oj,) = (Oi, 9i,\c(ej^ (g Oj,)), 

whence we are in case (a) of the above remark. 

Example 3.2.23. Let C be a braided abelian rigid category which can be embedded in C, a braided 

ahelian category in which countable direct sums exist. This is the case for instance of ^ 
^yVoo for H any Hopf algebra. Let *V be the left dual of V in C, and {\) : V <S) 'V ^ k be the 
evaluation map. Lemma 2.L5 tells that this fits into case (b) of the remark. 



BRAIDED HOPF ALGEBRAS 31 

Definition 3.2.24. Let U, Z be kMn-modules with a bilinear form (|) : t/ Z ^ k. We denote 

[,]:C/®Z^k, [u,z]^ {S''u\z). 

According to this, for V, W h-vector spaces with braidings cy, cw and a bilinear form {\) : V <^W ^ 
k satisfying (a) of remark 3.2.21 (resp. (b)), we define [, ] : AV ® AW k by 

1. [1,1] = 1. 

2. [u,z] =0 zfue A'V, z e Am and i ^ j. 

f [u, z] = [u, z]> = (S"m|z)> ifue A"y", z e Am for the case (a) 
[ [v, w] = [v, wU^ (S"'t;|w)< ifue A^'V, z e Am for the case (b) 

Lemma 3.2.25. Let V, W be as above. Let us suppose that we are in case (a) (resp. (b)) of remark 
3.2.21. Then we have respectively 

(a) [U,Z- z']> = [m(i),^]>[m(2),^']>, [u-u\z\> = [u,Z{^i)\>[u' ,Z(2)\>- 

(b) [U, Z ■ Z']< = [«(!), Z']<['U(2), ^]<, [U ■ U', Z]< = [U, ^(2)]<K, ^(1)]<- 

Proof. For u G A'^V and i + j = n, we denote 

(S,,,(iz)), ® {S,,j{u))j = S,^,{u) e A'V ® A^V. 
In case (a) we have, for z e Am, z' E Am and u G A'''V, 

[u, z-z']^ (S"«|;2 ■ z') = {{S' ® S^){S^JU)\Z ■ z') 
^{S\S,,ju)i\z){S^{S,ju)j\z'). 

Prom the other hand, we have 

[u{i),z][u^2),z']^ J2 [{Sk,iu)k,z][(Sk,iu)i,z'] 

k+l=n 

= [{Siju)i,z][{Siju)j,z'] 

^{S^{S,,u),\z){S^{S,,u),\z'). 

The other cquahty for case (a) is analogous, using lemma 3.2.20. The same proof aplies to the case 
(b), but replacing {Sij{u))i (g) {Sij{u))j by {Sij{u))j (g) {Si^j{u))i. □ 

We are in position now to give the last construction of a TOBA. 

Definition 3.2.26. Let V,W be k-vector spaces with braidings cv,cw and let {\) : V ® W ^ k 

be a non degenerate bilinear form satisfying (a) (resp. (b)) of remark 3.2.21. We take [, ] : 
A{V) ® A{W) ^k as m definition 3.2.24. Let I = {v e AV \ [v,w] = O^w e AW}, T = {w e 
AW I [v, w] ~ Oyv & AV} be the radicals of the form [,]. Since {\) is non degenerate, it is clear that 
X = en>o2n = ©n>oker(S" : A^'V A^'V), and I' = ®n>^n = ©n>oker(S" : Am Am). 
Hence, another way to define iiV) is to take AiV) and divide out by the left radical of the form [, ] 
(resp. for i{W), we take A{W) and divide out by the right radical). 

Remark 3.2.27. For the definition of the TOBA it is necessary for (|) to be non degenerate, though 
it is not necessary for the definition of the form [, ] in definition 3.2.24. 

Remark 3.2.28. In the case of example 3.2.22 we get the algebra f = t(k(g)^^i © ... © k{q)9n). For 
V G nyT^-i W = *V E HyT^-i g^t the same object iiV) as before, and hence this is really an 
alternative form for the construction. 
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Lemma 3.2.25 says that the left and right radicals of [,] are Hopf ideals, and hence the relations 
between AV and AW give similar relations between t{V) and t(Vr). 

Theorem 3.2.29. Let V,W be as in lemma 3.2.25. There is a unique non degenerate bilinear 
form i{V) ® i{W) k such that 



■ ^ ' ^ \ K2;(2)]K,2;(i)] in case (b), 
where we denote t"'{V) — A^V/In the component in degree n. 

Proof. As in definition 3.2.24, we define the form [, ] = [, ]> in case (a), and [, ] = [, ]< in (b). 
Lemma 3.2.25 allows to consider [, ] : iiV) ® i{W) k induced from [, ] : AV ® AW k, which 
turns out to be a non degenerate bilinear form satisfying 1-5. The uniqueness follows easily by 
induction. □ 

When V, W are objects in C, a braided abelian category, and the pairing [, ] : AV ® AW — > k is 
a morphism in C, we have a relation between i{W) and *t(V^), provided this latter object exists in 
C. We close the section giving the exphcit relation for V, V in ^3^X>: 

Proposition 3.2.30. Let V be an object in HyT>. If t{V) is finite dimensional, then i{*V) ~ 



Proof. First, t(V) can be identified, via [, ], to *t{V) as a vector space. This identification is 

furthermore an isomorphism in |J3^I^, since [, ] is a morphism in ^y^- We have to check the 
relation between [, ] and the products and coproducts in {*t{V))^°^, t{V) and t(V). We do it for 
the multiplication in t{*V), the other one being analogous. 

Let {ar}a, be dual bases of t{V). We have for u e t{V), f,ge (*t(F))''°P, we have 

('u,mbop(/<8)5f)) 

= {u,{fi-i)g)fio)) 

= W'(2)(-1)/(-1)5')(M(2)(0), /(O)) 

= {U(l),U^2){-l)S{ar(^-l))g) 

{ui2)(o),"r){^r^o),f) 

= (M(1),M(2){-2)'S(M(2)(-1))c/)(M(2)(0),/) 
= (M(l),t/)(«(2),/), 

but this is the same equality for t(V). □ 
3.3. Concrete examples. 

We present now two families of braided Hopf algebras discovered by Milinski and Schneider. Both 
families are particular cases of Hopf algebras in Ycttcr-Drinfeld categories over group algebras of 
Coxeter groups (see [MS96]) and have the form A(y)/I for certain V and / C ker(S). It is not 
known in general whether or not / = ker(S) (that is, whether or not they are TOBAs). Most of 
the results in this section are taken from to [MS96], an exception is Proposition 3.3.9. 



L [1,1] = 1, 

2. [i%V),V{W)]=Otfly^J, 

3. [v,w] — {v\w) if V G t^(^), w Et 



(W) 
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Example 3.3.1. Let n eN, and H = kS„. We take V the k-vector space with basis consisting of 
elements Ut where r runs over all (not only elementary) transpositions r = {i,j), i 7^ j. We make 
V an object of ^yV taking 

5{yr) ^T®yr, 
a ^yr^ sg{a)yara-^. 

The module V is nothing but M{g,p) with g any transposition and p the restriction of the sign 
representation to the isotropy subgroup of g. 

Let now J be the subspace of A^{V) generated by the elements 

Vl Vr, (3.3.2) 
yrVr' + Vt'Vt ifrr' = t't, (3.3.3) 
UtIIt' + Ut'IIt" + yT"yT tt' = t"t. (3.3.4) 

Then J — ker(S^). Let I be the ideal generated by J. Since J is an H-submodule and an H- 
subcomodule, the same is true for I. Since J is a coideal, the same is true for I. Then R\ :— 
A{V)/I is a Hopf algebra in ^^I*. 

Example 3.3.5. Let p be an odd prime number. We take now H — kDp, where Dp is the dihedral 
group, i. e. the group generated by p and a, with relations 

/ = a' = 1, ap = ff-^a. 

The conjugacy class of a is = {cr, pa, . . . ,ff~^a}, and the isotropy subgroup is (Dp)^- = {1,0-}. 
We take now x '■ 0^p)ct k^, x(o') = —1, and then define V = M{(t,x) as in 3.1. Let Vq be the 
space affording x- denote a generator of Vq. We put Vi = p^ ^ Vq E M{a, x). We take the 
subindices of the yi to be on Z/p, thus yi^p = yi. We then have 

5{yi) = ''V (8) yj = p^V ® yi, 

p' ^Vi^ Vi+j: cr^yi^ -y_i, 

cvyiyrnvj) = -y2i-j®yi- 

To compute ker it is convenient to take a different basis in V ®V . Let ^ be a primitive p-root of 
unit (we may suppose k has a primitive p-root of unit, for, if not, we can take a suitable extension 
ofk). Let 

p-i 

K^J2 Cyi®yi+k, o<r,k<p. 

i=0 

Then the form a basis ofV®"^, and cvy{w'^^ — —^'^''wl, whence 

ker(S^) = ker(id+c) = (w^, rk = 0) (and then dimker(S^) = 2p — 1). 

(3.3.6) 
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It is easy to see that {wq,wI, . . . ,Wq~^) = ((yo^Z/o), {yi®yi), ■ ■ ■ , (z/p-i^Z/p-i))- We define then 
to be A{V)/I, where I is generated by 

Vi^Vu 0<i<p, 
= |/o®|/i + l/i®|/2 H h Vp-i 

W2 = yo®y2 + yimz H ^ yp-i 

Wp-i = yo^yp-i + yi®yo h \- yp-i^yp-2- 

Remark 3.3.7. The hypothesis p being an odd prime number is not necessary. It is used because 
it makes the relations simpler. 

The algebras Rp are infinite dimensional for p > 7. This is a consequence of the following 

Theorem 3.3.8 (Golod-Shafarevich). Let V — ®„>ol4 be a graded vector space, and A = T{V) 
be the (graded) tensor algebra ofV. Let I be a homogeneous ideal, and suppose I is generated (as 
an ideal) by the subspaces ©„>o/n- Let R — T{V)/I be the quotient algebra. Let hy and hi be the 
Hilbert series of V and I , that is, 

hv{t) = Yl dim(K)i", hi{t) = ^ dim(4)r. 

n>0 n>0 

Let g{t) = J29nt"' = (1 ~ hv{t) + hj{t))^^ as formal power series. If gn^ Wn, then R is infinite 
dimensional. 

Proof Sec [Ufn95]. □ 

Proposition 3.3.9. The algebras R^ are infinite dimensional for p > 7. 

Proof. We apply the theorem. We have hv{t) — pt, and hi{t) — {2p — l)t'^. Then 

g{t) ^{l-pt + {2p - l)t'r' = (1 - t/a)-\l - t/b)-' = (E(^/«)")(E(V&)") 

n>0 n>0 

for a, b the roots of {1 —pt + {2p — If a and b are both real and positive then gn ^0 Vn. This 

is true if — 4(2p — 1) > 0, which implies p > 7. □ 

For p = 3 we have D3 ~ S3, and in fact R^ ~ i^g. 
Proposition 3.3.10. R^ ~ Rl is a TOBA of dimension 12. 
Proof. It can be seen by direct computation using the relations that 

yoym = -ymyo = ymyi = -yoy2yu 
yoym = -yoy2yo = y2yiyo = -y2yoy2, 
yiyoy2 = -y2yiy2 = y2Z/oyi = -ymyi, 

and the other monomials in degree 3 vanish since in all of them appears for some i. This in turn 
implies 

yoymy2 = -yiy2yoz/2 = ymym = -yoy2yiy2 = yoy2ym = -yoymyi 

= -y2ymyi = y2yoy2yi = -y2yoyiyo = -ymy2yo = y2yiy2yo = ymym, (3311) 
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yoViyoVi = ymyovi = yivoviyo = ymywo = yoymyo = ^2^02/2^0 = yoy2yoy2 
= y2ymy2 = ymy2yi = y2yiy2yi = y2yoyiy2 = ymym = 0, 

and the other monomials in degree 4 vanish since in all of them appears for some i. Moreover, 
the monomials in (3.3.11) are annihilated by multiplying them with any of the ^j, and then 

Rl{n) = Vn > 5. 

With this, we get the set of generators of i?| consisting of 

{1, 2/0, 2/1, 2/2, l/ol/i, 1/12/2, 2/02/2, 2/i2/o, 2/o2/i2/o, 2/o2/i2/2, 2/i2/o2/2, 2/o2/i2/o2/2}- 

(3.3.12) 

It can be proved that this set is indeed a basis taking the representation of rank 12 given by 

2/0 ^0 = -^1,2 + E^,7 + £^4,8 + -^5,9 + -^'6,10 + -^'11,12; 

Ul^ Ai = Ei^3 + _E2,5 — -^4,6 — -^4,7 — -^6,9 + -E'7,9 " -^8,11 + -Eio,12; 

^2 = £'l4 + £"2,6 — £"3,5 — -^3,8 — E5,io — Ej^ii + £"8,10 + -^9,12; 

where E-ij stands for the matrix with 1 in the entry (i, j) and in the others. This is easily seen to 
be a representation (i.e. Al = Al = Al = Ao^i + ^1^2 + ^2^0 = AqA2 + AiAq + A2A1 = 0) and to 
map the set in (3.3.12) to a hnearly independent set, which says that dimi?| = 12. Alternatively 
one can use the Diamond Lemma. 

We have to check now that Rl is a TOBA. Let V = i?i(l), and let T = i{V). Since / C ker S, we 
know that there exists a surjective graded morphism tt : i?| -» T. Let N be such that T{N) ^ 
and T{i) = O^i > N. By 3.2.2 we have that dimT{N) = 1 and dimr(i) = dimr(A^ - i). We 
have then the following possibilities: 

1. = 4, and then dimT(3) = dimT(l) = diml^ = 3, from where tt is an isomorphism unless 
dimT(2) < 4. 

2. A^ = 3, and then dimr(2) = dim 7(1) = 3. 

3. AT = 2, and then dimr(2) = dim 7(0) = 1. 

Wc sec that in any case tt is an isomorphism unless dimT(2) < 4, but dimT(2) is the codimension 
of ker in V ^ V, and we know from 3.3.6 that it is equal to 4. □ 

We give now the bosonised algebra. We denote also by yi the element (yi#l), and by ^^o, 9i the 
group-likes (l#cr), (l^p^cr) (which generate D3). The bosonization is thus the algebra presented 
by generators go, gi, yo, yi, 2/2 with relations 





i = 0,l; 


(3.3.13) 


S'lS'oS'i 


= 9o9i9o; 


(3.3.14) 


y] = o 


j = 0,1,2; 


(3.3.15) 


2/02/1 + 


2/12/2 + 2/22/0 = 0; 


(3.3.16) 


2/12/0 + 


2/02/2 + 2/22/1 = 0; 


(3.3.17) 


fi'02/ofi'o 


= -2/0, govigo = -2/2, fi'o2/2fl'o = -2/1; 


(3.3.18) 


gmgi 


= -2/2, gmgi = -2/1, gmgi = -yo- 


(3.3.19) 



36 NICOLAS ANDRUSKIEWITSCH AND MATIAS GRANA 

The Hopf algebra structure is determined by 

A{gi)^gi^gi (i = 0,l), A(yi) = ® 1 + (g) (i = 0,l,2), 

where we denote g2 — gogigo- This Hopf algebra has dimension 72; it is pointed and its coradical 
is isomorphic to the group algebra of S3. 

Remark 3.3.20. More Hopf algebras with coradical k§3 appear replacing the relations (3.3.16) and 
(3.3.17) by 

yoVi + ym + y2yo = Ai(g'o5'i - i), 
ym + ?/o?/2 + ?/2?/i = A2(5'ifl'o - 1), 

with Ai, A2 G k. We will consider this and related problems in a separated article. 

Remark 3.3.21. The relations (3.3.15) can be twisted as in the preceding remark, but in this case 
one must replace the group §3 by a covering of it, using the relations g^^ — 1 instead of gf — 1. 

It is shown in [MS96] that R\ is finite dimensional. It is not known whether R\ is finite dimen- 
sional or not for n > 4. 

It is not known whether R\ and R^ are finite dimensional or not. It is not known neither whether 
the algebras obtained dividing A(y) by ker(S) (and not only by the ideal generated by ker(S^)) 
are finite dimensional or not. 

Example 3.3.22. As a last example, we take F — D4, H — kF. The conjugacy class of a is 

= {a,p^a}, and the conjugacy class of pa is Op„ = {pa.p^a}. We take then, in a similar way 
to Rp, the module V in with basis {zq, Zi, Z2, z^} with the structure given by 6{zi) = p^a ® Zi, 

p' ^ Zi = Zi+2j and a ^ Zi = —Z-i (where as before we take the subindices of the Zi to be on Z/4j. 
Then V can be decomposed as 

V = {zo,Z2) © (2:1, 2:3) = Vo®Vi, 
which are irreducible. We have as before that the braiding is given by 

c(Zi Zj) = -Z2i-j ® Zi. 

Let Tq — t(Vo) and Ti = t(Vi). It is easy to see that Ti {i = 0, 1) have dimension A, and their 
respective ideals ker S are generated by 

Zq = zl = 0, Z0Z2 + Z2Z0 = 0, 
zf = zl = 0, zizs + z^zi = 0. 



The TOBA T = t{V) is much more complicated to compute. Let a = ZiZ2 + ZqZi and b = ZiZq + Z2Zi. 
Then the elements a} , \? and ab + ba are primitive in A{V), which says that they belong to ker S. 
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We have then a graded braided Hopf algebra dividing out A{V) by the relations 

^0 ~ ^2 ~ 0) -^0-2^2 + Z2Z0 — 0, 

zl ^ zl^ 0, Z1Z3 + Z3Z1 = 0, 

ZqZi + Z1Z2 + Z2Z3 + Z^Zq = 0, 
Z0Z3 + 2:1^0 + -22-^1 + Z3Z2 = 0, 

= ^,2 ^ 0, ab + ba^ 0. 

Using the Diamond Lemma, it can be shown that the dimension of this algebra is 64. This is done 
in [MS96]. 
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